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ABSTRACT We present a physical mechanism to describe initiation of the contractile ring during cell division. The model
couples the membrane curvature with the contractile forces produced by protein clusters attached to the membrane. These
protein clusters are mobile on the membrane and possess either an isotropic or an anisotropic spontaneous curvature. Our
results show that under these conditions the contraction force gives rise to an instability that corresponds in a closed cellular
system to the initiation of the contractile ring. We find a quantization of this process at distinct length-scales, which we compare
to available data for different types of eukaryote cells.

INTRODUCTION

The phenomenon of cell division is one of the most central

tenets of living cells (1,2). The process of physical division

itself is driven by the formation of the contractile ring (CR)

on the cell membrane, which then proceeds to shrink, drag-

ging the membrane with it (3), or organizes the formation of

a septum that divides the cell (4). The main protein content of

this ring in eukaryotes is actin filaments and myosin motors,

which cluster on the membrane and produce a contractile

force. Many other proteins reside in the ring and contribute

to actin filament assembly, bundling, dynamics, and mem-

brane association. Recent findings have revealed that some

of these additional proteins in the ring may have the propen-

sity to directly alter the composition and/or curvature of the

plasma membrane (5–9).

We propose in this work that the initiation of the CR is

through a mechanism of mechanical dynamic instability occur-

ring on the cell membrane. The cell has control over the po-

sition and timing in which the conditions of this mechanical

instability occur, through various types of cell-cycle machin-

ery. This is a relatively simple model that couples the mem-

brane elasticity to the contractile forces produced by an

underlying cytoskeletal network, through the introduction of

freely diffusing membrane proteins that nucleate the forma-

tion of this contractile network (CN) (Fig. 1, b and c), and

possess a spontaneous curvature. We use here cylindrical ge-

ometry to describe the dynamics relevant to the process of cell

division. We show that when the conditions are right such a

model displays a dynamical instability that can explain the

mechanism for the aggregation of the CN into a CR.

Previously (10) we showed that such a simple model can

already give rise to several observed membrane shapes, de-

pending on the spontaneous curvature of the membrane

proteins that couple the cytoskeleton with the membrane. In

this work, we extend the previous model (10) to include the

effect of contractile forces and cylindrical geometry.

The important role played by membrane curvature in

determining the membrane composition was recently dem-

onstrated (11), even with very mild curvatures (12). A spon-

taneous curvature of membrane proteins and clusters can

arise from the geometrical shape of the membrane-bound

aggregate (13), and through interactions with the membrane

components that change the local concentrations of different

proteins and lipids. Specifically, it was found that the mem-

brane at the furrow develops a unique composition of lipids

and proteins that is very different between the inner and outer

leaflets (5–9), a property that is known to produce sponta-

neous curvature. Several theoretical studies have shown that

a membrane with components that have a spontaneous cur-

vature, and no active forces, can become unstable and go

through dramatic shape changes and phase separation (14,15).

In this work we deal with three possible cases of CN

spontaneous curvature that will lead to furrowlike instability

on a cylinder; 1), a CN with an isotropic concave spontane-

ous curvature; 2), an anisotropic convex curvature; and 3), an

anisotropic concave curvature (Fig. 1 a). The first case has its

curvature energy minimized on the inner surface of spherical

invaginations that protrude into the cell (as in caveolae).

Such a CN will therefore prefer the region of a furrow to the

flat parts of a cylinder, assuming that the cylinder radius is

not too small (Fig. 1, a and b). The second and third cases

describe linear complexes in the shape of arcs and rings. If

these have a convex spontaneous curvature (case 2) with a

radius of curvature that is smaller than the radius of the

cylinder, then they will naturally prefer to aggregate at the

narrower furrow (and at the hemispherical poles) since they

are aligned in the azimuthal direction (14) (Fig. 1, a and c).

The third case has concave spontaneous curvature, so that

these complexes aggregate in the furrow when they are

aligned along the axial direction (Fig. 1 a). We are motivated

to consider linear, arclike structures since these turn out to be

the shapes of many membrane proteins that can produce
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curvature (16), while an isotropic spontaneous curvature

may arise from a cluster of such proteins.

The instability (aggregation) in our model is not driven,

however, by spontaneous curvature alone (in contrast with

(17)), which is also known to give rise to pearling-instability

(18). Such phase separation occurs at thermodynamic equi-

librium, while our model involves active forces that cannot

be described in these equilibrium terms. It is the combination

of spontaneous curvature and contractile forces that drives

the instability in our model, and is the unique feature of this

mechanism. We find that the appearance of instability de-

pends on the length of the cylindrical membrane, its radius,

surface tension and the strength of the contractility. Control

of these parameters allows the cell to direct the initiation of

the CR spatially and temporally. Some of these parameters

may be varied experimentally and used to test the validity of

our model.

Other models that introduced membrane dynamic insta-

bility in the cytokinesis process, were previously proposed

over the years (19–24). These models assumed a uniform

contractile layer at the membrane, which is destabilized

when division is needed, by weakening the contraction at the

cell poles. This leads to uniform and cell-wide contraction of

this layer toward the cell equator, forming a ring which then

proceeds to shrink and divide the cell. These models are

different from ours in many aspects; first, they assume

already the existence of a contractile layer which has a den-

sity gradient such that it is maximal at the equator. It is the

initiation of such a band during the telophase that we propose

to explain. Furthermore, such a uniform contractile layer

does not seem to cover the whole cell in some cases, but

rather form directly at the cell equator before division (25).

Another model for ring formation that does not include any

membrane deformations and radial contraction, our key com-

ponents, was proposed recently (26). Note that by limiting

ourselves to the limit of small deformations our model can be

written in terms of linear equations and solved analytically.

We therefore model the process of initiation of the CR, while

we do not describe the latter stages of cytokinesis (27,28),

which require larger forces, large-scale motion, and internal

rearrangement.

To summarize, we introduce a new model that couples, for

the first time to our knowledge, the membrane curvature and

the contractile forces of the cytoskeleton. This model pro-

duces a dynamic instability that in the context of cytokinesis

may provide a mechanism for the initiation of the CR in

dividing cells. In the next sections, we first introduce and

solve the model, and then discuss the results. We compare

the results of our model to the observations of CR initiation

in eukaryotes in Comparison to Experimental Observations.

The conclusion and a summary of our main experimental

predictions are given in the final sections.

MODEL

The general form of a CN that we consider is shown sche-

matically in Fig. 1 b. There are membranal clusters of pro-

teins (containing myosin motors) that are connected by

bundles of actin filaments, thus creating a CN bound to the

membrane (2,25,29,30) (Fig. 1 b). The contractile forces in

this network are in the plane of the membrane, and result in

two effects:

1. The forces in the azimuthal direction (Fig. 1 b, shaded
arrows) give rise, due to the cylindrical symmetry, to con-

traction in the radial direction (Fig. 1 b, large arrows). We

assume here that we are dealing with small fluctuations

around a uniform distribution, such that the contractile

force is taken to be linearly proportional to the local devi-

ation in the density of the CN n(z), i.e., Fr } n(z).

2. Forces in the axial z-direction (Fig. 1 b, dashed arrows)

balance each other, unless there are gradients in the den-

sity of the CN, so we get Fz } =n(z). Due to the assumed

rotational invariance, we limit ourselves to closed rings.

FIGURE 1 (a) Different spontaneous curvatures of

membranal clusters: concave isotropic (red caps), convex-

anisotropic (light-blue arcs), and concave-anisotropic (yellow

arcs). The figure shows a small membrane invagination

that protrudes into the cell, and is therefore a surface where

isotropic-concave proteins (red caps) aggregate. Note that

the arcs shown do not represent single CN proteins, but an

aggregate of many such elements. (b) Membrane aggre-

gates of myosin (and other proteins), connected by actin

filaments. The myosin contractility creates forces in the ax-

ial direction (dashed arrows) which tend to condense the

ring, and forces in the azimuthal direction (shaded arrows)

that result in a radial contraction (large arrows). (c) Filaments

(and other host proteins), which contract and create a radial

contractile force. (d) A schematic picture of the instability

that drives the initiation of the CR. The dash-dot line cor-

responds to the initial uniform system (h ¼ 0, n ¼ n0), and

the triangles represent the mobile CN elements.
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Our theoretical description follows the works of Manne-

ville et al. (31) and Ramaswamy et al. (32) on active

membranes.

The most crucial property beyond the production of forces is

the spontaneous curvature of the membranal CN, which may

couple either to the local mean curvature of the membrane

(isotropic case) or to only one of the principal curvatures

(anisotropic case). We will treat both cases below, where �H
represents the spontaneous curvature of the CN. For concave

spontaneous curvature we have �H . 0; and for convex

curvature �H , 0.

The bending energy of a membrane, with effective bend-

ing modulus k and spontaneous curvature R, is

Eb ¼
Z

1

2
k H 1

1

2R

� �2

� kHp
�H

nðzÞ
n0

" #
d

2
r; (1)

where Hp is the principal curvature that couples with the spon-

taneous curvature of the CN (see below), and H is the mean

curvature of the membrane (33) (expanded to first-order in h),

H ¼ rðzÞr$ðzÞ � r9ðzÞ2 � 1

2rðzÞð1 1 r9ðzÞ2Þ3=2
¼ 1

2
h$ðzÞ � 1

R
1

hðzÞ
R2

� �
; (2)

where r(z) is the radius of the surface, and h(z) is a small

deviation: r(z)¼ R 1 h(z), where R is the spontaneous radius

of the cylindrical membrane, including the effect of a uni-

form distribution n0 of CN. The first term in Eq. 1 describes

the Helfrich Hamiltonian of a membrane with spontaneous

curvature R.

The second term in Eq. 1 describes the coupling of the CN

with a spontaneous curvature �HnðzÞ=n0 to the membrane,

where n(z) denotes small deviations in the concentration

from the uniform distribution n0. (The term in (31) that con-

tains n(z)2 simply modifies the diffusion coefficient of the

CN proteins by a constant term. We assume here that the

measured diffusion coefficient of these elements already has

this effect included.) For a concave isotropic CN, the cou-

pling is to the mean curvature of the membrane, and Hp¼ H.

For the flat membrane (R / N), we recover the expressions

that appear in Manneville et al. (31). (We assume that n0�
nsat, where nsat is the saturation density of the CN complexes.

The spontaneous curvature of the CN alone is given by
�Hsat ¼ �Hnsat=no; and R . 1= �Hsat; i.e., that, due to bending

energy, the CNs prefer a smaller radius of the cylindrical

membrane. If R , 1= �Hsat; the CNs prefer a larger radius, and

no contractile instability occurs.)

For the anisotropic CNs, the proteins couple only to one of

the principle curvatures of the membrane. We will assume

here that the CN elements have a fixed orientation in the

plane of the membrane, such that they minimize their bend-

ing energy on a cylindrical membrane. This means that for

the convex-anisotropic case the CN will align in the azi-

muthal direction (Fig. 1, a–c), and couple only to the local

changes in the radius r(z), i.e., Hp ¼ h(z)/R2 (Eq. 1). For the

concave-anisotropic case the CN elements are aligned along

the axis of the cylinder (Fig. 1 a), so they couple only to the

local variations in the radius along the axial direction, i.e.,

Hp ¼ h$(z) (Eq. 1).

The surface tension energy of the membrane is

Es ¼
1

2
s

Z
h

R
1 h$ðzÞ2

� �
Rdzdu 1 Oðh2Þ; (3)

where s is the surface tension coefficient. We will assume

that the linear term in h is balanced, e.g., by osmotic pressure

difference, such that a cylinder with radius R is the equilib-

rium shape for a uniform distribution of CN. Alternatively,

the radius of the uniform system may be stabilized by cou-

pling the membrane to a rigid shell, as happens in yeast.

The equation of motion for the membrane height deflec-

tion along the cylinder axis, h(z), is given by (10)

@hðzÞ
@t
¼
Z
Oðr � r9Þ � dF

dhðr9Þ � A nðr9Þ
� �

d
2
r9

¼ �Ô k=
4
h 1 =

2
h

k

R
2 � s

� �
1 k

h

R
4

� �

1Ô k �H

n0

=
2
n 1 n

�Hk

n0R
2 � A

� �� �
; (4)

where F ¼ Eb1Es is the total free energy of the membrane

with the freely diffusing network (31,32), A . 0 is the pro-

portionality constant which relates the local CN density n(r9)
with the resulting contractile force, and Oðr � r9Þ is the

Oseen-tensor describing the viscous drag of the fluid sur-

rounding the membrane. We assume that the uniform system

is stable, so that only deviations from uniformity give rise to

finite membrane forces, and we keep these deviations to first

order in Eq. 4. The stability of the uniform system is corrob-

orated below, where v9 / 0 for q / 0. For restricted fluid

flows, the local integration over the Oseen tensor gives a

constant factor of Ô ¼ d=4h; where d is the length scale of

the fluid confinement. This scale may be dictated by the

density of the CN below the membrane.

The equation for the local density n(z) is given by a con-

servation equation

@nðzÞ
@t
¼ D=

2
nðzÞ1 Ln0=

2 dF

dn
¼ ðD� D

�Þ=2
nðzÞ

� k �HL =
4h 1

=
2
h

R
2

� �
; (5)

where D is the in-membrane diffusion coefficient and L is

the mobility of the CN aggregates.

The term D* is the effective result of the contractile forces

that act inside the plane of the membrane, i.e., along the

cylinder axis (Fig. 1 b). They therefore do not contribute to

the contractile forces, since in the linear regime they only

modify the effective diffusion coefficient of the CN elements

(27). If this in-plane contractility is dominant, the effective

diffusion coefficient is negative, and the CN is unstable at all
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wavelengths. The instability then becomes trivial and inde-

pendent on any membrane parameters, such as tension and

length. The shortest wavelengths of such a system are the

most unstable, which would result in the formation of nu-

merous CRs throughout the CN band. This is not observed,

so we therefore keep the effective diffusion coefficient D – D*

positive. From here onwards, D represents this positive overall

effective diffusion coefficient.

For an infinitely long cylinder, we Fourier-transform Eqs.

4 and 5 for the isotropic case

For the convex-anisotropic case the q4 term in the lower

left, and the q2 term in the upper right vanish, while for

concave-anisotropic case the terms proportional to 1/R2 in

the lower left and upper right vanish.

Solving the coupled equations, we find the time depen-

dence of the solution in the form: ev (q)t, where v (q)¼ v9(q)

1 iv$(q). The dispersion v(q) can be solved analytically

from Eq. 6, and is shown in Fig. 2 for the isotropic case, Fig.

3 for the convex-anisotropic case, and Fig. 4 for the concave-

anisotropic case. We find that in a range of wavevectors,

qc,1 , q , qc,2, there is an instability v9(q) . 0, which is

static laterally as v$(q) ¼ 0 (Fig. 1 d). To better understand

the behavior of the system, we plot qc,1 and qc,2 as functions

of R (Fig. 2 a, Fig. 3 a, and Fig. 4 a) and A (Fig. 2 b, Fig. 3 b,

and Fig. 4 b). The origin of the instability is clear: an ag-

gregation of the CN causes the membrane to shrink toward

the axis, therefore the local curvature becomes more positive

and this draws more MP into the furrow, leading to an insta-

bility (Fig. 1 d). This is the mirror of the fingers-instability

described in Gov and Gopinathan (10), and drives the aggre-

gation of the CR, as we discuss below.

For a detailed description of the behavior shown in Figs.

2–4, see the Appendix. The values of the parameters used in

these calculations are given in Table 1. The value of �H cor-

responds to a spontaneous radius of the CN of 20 nm, which

is reasonable for the curvature-sensing proteins that are cur-

rently known (16,34). The value of An0 ; 10(pN/mm2)

(using the parameters of Table 1) should be smaller than the

maximal force per unit area produced by a ring of close-

packed myosin motors (each providing ;3 pN (35)). We can

estimate this maximal force per unit area to be Pmax �
104(pN/mm2), so indeed our values are much lower than this

FIGURE 2 Solutions of the dispersion v(q)

from Eq. 6, for the isotropic case as a function

of (a) R and (b) A. We plot both real and

imaginary parts of v(q). The shading of the

lines in the top graphs corresponds to the values

of R and A shown in the bottom graphs. The

bottom graphs show the dependence of qc

(dashed line) and qv (solid line) on R and A.

We denote the definitions of qc,1, qc,2, qv,1, and

qv,2 in the top-left graphs. All graphs are at zero

surface tension, and all the other parameters are

given in Table 1. For the definitions of the

critical values of Av and Rv (vertical dash-dot

lines), etc., see Concave Isotropic Case in the

Appendix. The bottom-right panel shows the

region of damped waves, which occur at much

smaller values of q compared to the unstable

regime (shown above).

_h
_n

� �
¼ �Ôðkq4

1 ðs � k=R2Þq2
1 k=R4Þ Ôð�A 1 �Hk=n0R2 � q2 �Hk=n0Þ

� �HkLðq4 � q
2
=R

2Þ �Dq
2

� �
h
n

� �
: (6)
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upper limit. For D we use a typical value of the diffusion

coefficient inside the membrane (36), and L ¼ D/kBT (31).

Finally, the effective viscosity h takes into account the large

friction in moving the membrane and the attached CN, while

d is an estimate for the typical length-scale within the CN

(25). Similarly, the value of the bending rigidity k, which we

chose to have a typical value appropriate for cellular mem-

brane, can be very different from the value of the bare lipid

membrane, due to the attached CN.

Note that the details of the proteins that are curvature-

sensitive inside the contractile network (CN), are not fully

characterized at present. Nevertheless, some curvature-sensing

domains have been shown to have a spontaneous curvature

of ;100–200 nm (34). We give these proteins as examples

for possible curvature-sensing elements that may be part of

the CN. The actual value of �H may arise from the shape of a

cluster of proteins (13), and not an individual protein, and

therefore can be even larger. The CN will give rise to an

instability as long as its spontaneous radius is smaller than

that of the cell. Since cell radii are ;1–10 mm, this suggests

that a spontaneous radius of ;0.1–0.5 mm is reasonable. In

the above calculations, we used a typical value for the cell

radius of R ; 10 mm.

We wish to point out that disregarding the exact quanti-

tative values of the parameters, our model provides a number

of qualitative predictions: We show that the instability lead-

ing to the initiation of the CR does not occur when the radius

is lower than a critical value, or the membrane tension is

higher than a critical value (except for the convex aniso-

tropic), or the contractile force is lower than a critical value

(see Figs. 2–4, and the Appendix). This means that we expect

these relations to hold, irrespective of the numerical values of

the parameters. These general relationships are the main

outcome of our model, as we describe below.

DISCUSSION OF THE MODEL RESULTS

We show above that, in an infinite cylinder, our model gives

rise to unstable modes which provide a mechanism for the

spontaneous aggregation of the CN into CRs. We now wish

to describe how this instability can occur in a cell of finite

length (Fig. 1 d). Let us emphasize that although we describe

a process of spontaneous instability, the conditions that allow

this instability to occur are highly regulated by the cell through

control of all the model parameters: the contractile activity A,

the length of free-membrane L, and the curvature sensitivity

( �H). The last property is shown in Effler et al. (37).

Our model assumes that the components of the CN are

localized in a band, usually along the cell equator, due to the

action of various regulating agents, such as the microtubules

FIGURE 3 Solutions of the dispersion v(q) from Eq. 6 for the convex-

anisotropic case as a function of (a) R and (b) A. We plot the real part of v(q)

(the imaginary part is zero), at zero surface tension (corresponding to the

shaded line in the bottom graphs). We follow the same shading scheme as in

Fig. 2. (Bottom panels) The black dashed lines are for zero surface tension,

while the shaded dashed lines are for different finite surface tensions of 5 3

10�5 gr/s2 and 1.5 3 10�4gr/s2 . sc,1, respectively. For the definitions of

the critical values Aa
c; etc., see Convex Anisotropic Case in the Appendix.

FIGURE 4 Solutions of the dispersion v(q) from Eq. 6 for the concave-

anisotropic case as a function of (a) R and (b) A. We plot the real part of v(q)

(the imaginary part is zero), at zero surface tension (corresponding to the

black dashed lines in the bottom graphs). We follow the same shading

scheme as in Fig. 2. The dashed shaded lines are for a finite surface tension

3 3 10�5gr/s2. For the definitions of the critical values Ac, etc., see Concave

Anisotropic Case in the Appendix.

TABLE 1 List of the parameters used in the calculations

D [mm2/s] 1 d [mm] 0.1
�H [mM�1] 50, �50 k [kBT] 2.5

h [G/mm s] 100hwater ¼ 10�4 A [gmm/s2] 2 3 10�5

L [S/g] 104 R [mm] 10

N0 [1/mm2] 103

For �H; the first number corresponds to Figs. 2 and 4 and the second to

Fig. 3. We chose A and n0 so that the net contractile forces due to a cluster

of size d2 are of order: An0d2 ; 10�1 pN (77).
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(MT) (38). These regulating agents determine the location

and overall width of the band of CN (light shaded stripe in

Fig. 5 a). Beyond this band, there are no CN elements on the

membrane, due to various localization mechanisms. Inside

this CN band, only the part which produces contractility and

is free to deform, constitutes the free membrane of length

L which we consider in our model (Fig. 5). Some parts of

the CN band may be either inactive (i.e., not contractile), or

prevented from deforming by physical constraints. Both ef-

fects can be related to the interaction of the CN with other

cytoskeleton elements, such as the MT. This regulation is not

fully understood at present and involves active transport of

signaling and proteins along the MT (39), and the direct

interaction of the MT with an acto-myosin cortical network

(see further discussion in Cell Elongation and the Role of

Microtubules).

Note that we do not deal here with the details of the

aggregation of the CN band, but describe the conditions

when this band (or part of it) becomes unstable and a CR is

initiated. For example, the aggregation of the CN band does

not seem to be dependent on the contractility (40), while the

contractility A is essential for the initiation of the CR

(instability), according to our model.

The constraints at the edges of the free membrane patch

may be sharp or smooth, depending on the gradient of the

regulating agents, such as the cortical MT. To simplify the solu-

tion we assumed here sharp boundary conditions at the edges

of the free membrane patch, as this will not change the nature

of our results. In the absence of the complex regulatory mech-

anisms, the whole cell surface which contains a cortical acto-

myosin network can act as the free membrane. This occurs

for example in unfertilized sea-urchin eggs, when the contrac-

tility is enhanced until a CR forms (41).

In a finite cylinder of length L the modes are limited to

wavevectors with values qN ¼ Np/L, where N is an integer.

Note that our calculation is for a purely cylindrical mem-

brane, which is applicable for a short strip around an elon-

gated cell’s equator. When the cells are highly deformed and

curved, this approximation of a cylindrical membrane may

not be appropriate.

For a given value of contractile activity A and spontaneous

curvature �H; as the cell becomes longer it moves along the

trajectories shown in Fig. 6. We show two possible trajec-

tories: a constant radius (vertical arrow) and a constant sur-

face area, both for constant surface tension. (Note that in

some cells there are measurements of increase in the mem-

brane tension as the cell goes through mitosis (42).) We find

that along these trajectories the cell reaches some critical

length Lc ¼ p/qc,2 where the longest mode (N ¼ 1) first

becomes unstable (bull’s-eye in Fig. 6).

Consider now a cell that has grown past its critical length

Lc, so that the Nth mode becomes unstable (Fig. 6) at length

NLc. At long lengths, the constant surface-area trajectories

shown in Fig. 6 take the cell back into the stable regime,

when R becomes smaller than the critical radius (vertical
dashed line). For the isotropic model, when L $ Lv¼ p/qv,2

(Fig. 6 a), damped oscillations appear (propagating waves).

Note that in the isotropic and concave-anisotropic models

(Fig. 6, a and c, respectively), each unstable mode N has a

finite range of lengths in which it occurs, while for the

convex-anisotropic model (Fig. 6 b), the modes remain

unstable for all lengths above their critical length Lc.

Note that we can also consider the case of a cell with static

geometry (fixed L and R) where the instability is triggered by

a gradual increase in the activity of the CN, i.e., in A. This

process is shown in Fig. 7, a and b, for the isotropic and

convex-anisotropic cases, respectively. The critical value of

A that triggers the instability can then be read off directly

from these graphs.

The above linear analysis provides us with the mechanism

for producing ring aggregation of CN along the cylindrical

membrane, through the occurrence of unstable modes:

Type I. For the isotropic case, concave-anisotropic cases

(Fig. 6, a and c) and for the convex-anisotropic case

(when s , sc,1) (Fig. 6 b), the instability occurs first

for short lengths Lc/R ; 1 (Fig. 5 c).

Type II. For the convex-anisotropic case when s . sc,1

(dashed lines in Fig. 3) the instability occurs first for

long lengths Lc/R � 1 (Fig. 5 d). Note that both these

instabilities correspond to aggregates (rings) that are

FIGURE 5 (a and b) Schematic picture of the location of the CN band

(light shaded stripe), the definition of the free-membrane patch of length L
(dashed stripe) and the formation of the CR when this patch becomes un-

stable. Note that L can be smaller than the width of the CN band. In panel b,

we show the case of asymmetric division when one spindle pole is missing. In

panel c, we show the cases where the CN band is highly concentrated be-

tween the nuclei due to cellular regulation (Type I). In panel d, we show the

case when the CN is spread throughout the cell (Type II).
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static laterally (v$(q) ¼ 0, Figs. 2–4), as the CR are

indeed observed to be in cells.

Type III. There is a third regime (Type III) in the isotro-

pic case which exhibits damped oscillations (propa-

gating waves), for lengths larger than Lv (dashed lines
in Fig. 6 a).

Below we compare the results of this analysis with the

observed formation of CRs in different cells.

COMPARISON TO
EXPERIMENTAL OBSERVATIONS

In this section, we compare the results of our model to the

observed features of the CR in dividing eukaryotes. The na-

ture of this comparison is mostly qualitative, since the quan-

titative values of key parameters that enter our model are

unknown at present. Nevertheless, we wish to demonstrate

FIGURE 7 We plot the calculated critical cell lengths Lc as a function of

the contractile activity A, for the (a) isotropic and (b) convex-anisotropic

cases. We show the trajectory of a cell with fixed geometry and increasing

contractility (horizontal solid lines). We follow the same color scheme as in

Fig. 6. The vertical dashed shaded lines give the critical contractility for

instability Ai
c and Aa

c. The locations where an instability or a propagating

mode is initiated are indicated by the bull’s-eye on each trajectory. Note that

for the isotropic model (a) we give two figures to show the regime of

instability of the first three modes (bottom) and the regime where the first

two damped waves occur (dashed lines in the upper figure). The solid lines

in the upper figure show the region of instability of the 25th mode (dark

blue), 50th mode (dark green), and 100th mode (purple).

FIGURE 6 We plot the calculated critical cell lengths Lc as a function of

the cell radius R, for the (a) isotropic, (b) convex-anisotropic, and (c)

concave-anisotropic cases. In panels a and c, we also plot the upper critical

length (p/qc,1) so each mode is unstable inside these limits (shaded regions).
In all the cases we show the trajectory of a cell that elongates while keeping a

constant radius (vertical arrow), or with a constant surface area (curved

arrow). The colors correspond to the different unstable modes: first mode,

red; second mode, green; and third mode, blue. In panel a, we also plot the

location of the transition to damped oscillatory solutions (Lv), for the first

two modes (dashed lines). In panel b, we plot in dashed lines the lengths

Lm ¼ p/qm where the first two modes are most unstable and v9(q) is max-

imal (qm gives the maximal value of the dispersion relation; see Fig. 3 a).

The vertical dashed shaded lines give the critical radius for instability

Ri
c; Ra1

c ; and Ra2
c . The locations where the first mode becomes unstable are

indicated by the bull’s-eye on each trajectory.
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here the overall plausibility of our model and that it is in

agreement with the observed qualitative characteristics of the

CR initiation process.

We first wish to give some examples of specific types of

proteins that may give the CN both its ability to produce

contractility and its spontaneous curvature. In fission yeast,

for example (25,29,30), the CN is composed of actin filaments

that are linked by clusters containing myosin motors and a

host of other proteins. One candidate, Formin-Cdc15 (16), is

involved in both promoting the polymerization of actin

filaments and provides anchorage to the membrane. This pro-

tein also contains the membrane-attachment domain F-BAR,

which is known in other cases to produce spontaneous cur-

vature (16). Another example is the combined effect of the

Hob3p and Cdc42p clusters in yeast (43); the Hob3p provides

anchorage to the membrane and may provide the spontaneous

curvature (due to its BAR domain), while the Cdc42p pro-

motes the polymerization of actin that connect the clusters to

form the CN. The proteins of the CN are different in different

cell types, and their exact role in ring formation is still being

studied.

In the case of fission-yeast, the CN components are ob-

served to aggregate not only at the furrow, where the ring

eventually forms, but also at the hemispherical poles of the

cell (8,44,45). This was most dramatically shown recently in

Effler et al. (37), where the aggregation of myosin was trig-

gered by aspiration into a micropipette, irrespective of the

orientation of the chromosomes. This observation fits our

convex-anisotropic model (Fig. 1, a and c), where the CNs

aggregate at both the hemispherical caps and the middle

furrow, once they are activated. Another observation links

the ability of myosin-II to form long fibers, and their local-

ization in both the furrow and the hemispherical caps (46).

The specific proteins we list in the previous paragraph all

have the BAR-domain, which has concave spontaneous

curvature. Nevertheless, there was a recent discovery of a

convex membranal protein that is involved in filopodia

formation (34). These proteins contain a MIM-domain which

has the convex shape, and proteins with this spontaneous

curvature due to this domain may exist as components of the

CN. It was further shown (37) that when the cell is not at the

division stage of its lifecycle, these curvature-driven aggre-

gations do not occur, presumably due to the inactivation of

these protein clusters, which in our model corresponds to

A; �H/0. These experiments show that our proposal that the

membrane curvature serves as a cue for the aggregation of

the CN, has experimental support. Note that the local surface

tension may also play a role in the observed localization.

(The exact manner in which the membrane curvature triggers

the localization of myosin is not clear at the moment, and

may involve a signaling that is triggered by the deformation.

The simplest mathematical representation of such a system

would be a quadratic Hamiltonian of the form of Eq. 1, even

if now the parameters k and �H are effective representations

of the underlying chemical reactions.)

Cell elongation and the role of microtubules

Once the cell is in the division stage, and the CN is activated

(i.e., we have a finite A and j �Hj), it still needs to reach the

unstable region to trigger the initiation of the CR, according

to our model. One possibility for this to occur is along the

trajectories of Fig. 6, where there is an increase in the length

of free membrane L, while the activity A is constant. In eu-

karyotes, there is a dramatic cell elongation before division,

possibly due to the forces of the MTs that emanate from the

two opposing spindles (47,48). The length L of free mem-

brane where the aggregation of CN is allowed to occur and

the membrane is free to deform, can be controlled by the

internal structures of the cells, such as the MT asters, spin-

dles, nuclei, and chromosomes (Fig. 5, a, c, and d), de-

pending on the cell type. As these internal structures

separate, the free membrane patch grows in length, until it

reaches Lc, and the first mode becomes unstable (Fig. 6).

This mode has maximal deformation and CN density at the

midpoint between the two boundaries, and a ring forms at the

center of the initial band (Fig. 5 a) (25,29). Therefore, within

our model, the mechanism of the location of the ring is

naturally solved (38).

In Fig. 3 of Hickson et al. (48), the timing of the appear-

ance of the CR is delayed in cells that elongate more slowly,

due to the suppression of a cytoskeleton element. The data

seem to indicate that the appearance of the CR in both nor-

mal and modified cells occurs when they reach the same

critical elongation. This observation is in agreement with our

model of initiation of the CR when the CN becomes unstable

beyond the critical length Lc (Fig. 6).

In our model, the formation of the CR is naturally syn-

chronized to follow the separation of the internal cell struc-

tures that limit the length of the free membrane L, i.e., the

MT-asters, nuclei, etc., depending on the cell type (38). Only

when the length of free cell membrane between these sep-

arating structures is large enough does the membrane be-

come unstable (Fig. 5 a). After the initiation of the CR,

which our model describes, there is a condensation and

coalescence into a tight ring (25,29). This is most likely

driven by the contractile forces of myosin in the plane of the

membrane (Fig. 1 b), and gives rise to nonlinear behavior

(19–24), which is beyond our linear description.

The MT seem to play a key role in regulating the location,

initial width, and activation of the CN on the cell membrane

(49,50), in the region around the separating chromosomes or

nuclei (Fig. 5 a). The exact mechanism of this regulation is

not fully understood at present (51). It seems that in the cell

there are two kinds of MTs that operate in parallel; some

have the role of inhibiting the contractile activity of the

cortical network (CN), while others are known to excite it.

Together these MT serve to restrict the CN to a well-defined

region of the membrane, which we call the free membrane.

One possible mechanism for the MT to excite the CN may be

by exerting a direct contractile force on the membrane where
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they are attached to it. If the protein complex that attaches the

MT ends to the membrane has also the spontaneous curva-

ture that we assumed above, then its dynamics will exhibit

the instability that we calculated.

In an experiment where both MT asters have been re-

moved (52), the CR seems to appear at the geometrical

midpoint of the cell, once the cell has elongated beyond

some critical point. The cell elongation is driven by the

growth of the remaining central MT. In other experiments

one of the spindle was removed, and the remaining MT seem

to elongate the deformed cell (53) until the CR appears, in

this case shifted toward the spindle-free pole (Fig. 5 b). A

similar observation was made in Bringmann and Hyman

(54). Since the free membrane extends now from the remain-

ing spindle to the opposing pole, we expect the first unstable

mode to initiate a ring in this middle point (Fig. 5 b). In other

cell types (more spread out) (55) this shift of the CR toward

the free pole is less noticeable. The MT affect the cell

asperity by elongation, increasing the ratio L/R, until insta-

bility occurs (Fig. 6, a–c). From these experiments, it seems

that the CR can occur even in the absence of many com-

ponents of the mitotic apparatus, but depends on the ability

of MT to cause cell elongation. This is in accordance with

our prediction that the CR initiation is influenced by the

cell shape.

Note that in unfertilized sea-urchin egg cells (41), that

have no MT spindles, a contractile ring forms at the cell

center when the activity of myosin (and actin polymeriza-

tion) is enhanced due to the introduction of Calyculin-A.

Within our model this observation follows from the increase

in A which decreases the critical length Lc, until the cell

becomes unstable, even without the MT-induced elongation

(Fig. 7, a and b).

Multiple and propagating rings

As shown in Figs. 6 and 7, a unique feature of our model is

the prediction that higher order modes can also become

unstable, which corresponds to the initiation of multiple

rings (Fig. 5, c and d). Several examples that may fit this

prediction are given below.

First, in abnormally long yeast cells, a wider band of CNs

appear before cell division (56), and from these wider bands,

multiple CRs appear. We expect that double rings will first

appear when the length of CN (Fig. 5 c) is twice the critical

length for the production of a single ring (Fig. 6, a–c).

Indeed, the width of the CN band is found to be ;2 larger in

the mutant that has double rings, compared to the wild-type

(Fig. 4, A–C, in (56)). In a mutant with a band that is only

;1.5 larger than the wild-type, there is still only one CR

forming, as our model predicts.

The second example comes from mutant yeast cells that

have defective division-related proteins, and therefore grow

to long lengths without division (8,57). In these cells, there is

only an aggregation of CN components at the poles,

representing a convex-anisotropic spontaneous curvature in

our model. When these cells are induced to overexpress

Myosin-I (8) or cdc15p (57), several bands of CR appear

along the cell length. In our model we describe these cells as

having initially very low (or zero) contractility A, and large

length L. When they overexpress the CN components some

contractility may be produced, and they follow the trajec-

tories of Fig. 7, a and b. We therefore predict that these cells

can give rise to bands with a high mode number (N ¼ 3

seems to agree with the observed bands in the literature

(8,57)). Since there are no separating nuclei in these cells, the

entire length of the cell seems to be free for CN aggregation

(Fig. 5 d).

In addition to multiple CR that are static laterally, our

isotropic model gives rise to propagating (oscillating)

damped modes (upper trajectory in Fig. 7 a). These modes

may reflect the tendency to form propagating modes that,

within the limitations of our cylindrical symmetry, corre-

spond to the observed propagating spiral formations

(8,40,48,57). Note that within our model we strictly calculate

propagating rings, for wide (large L) and weakly contractile

(small A) bands of CNs, in the isotropic concave case (Fig. 6

a and Fig. 7 a). (Another example of oscillatory behavior of

the cortical acto-myosin network is given in (58). These

systems are different from dividing cells, as they do not

exhibit a localization of the acto-myosin in the ringlike

constriction, but rather form a continuous hemispherical cap

on one side of the furrow.)

Two experimental observations of such wavelike contrac-

tions and multiple rings are the following:

1. In disrupted C. elegans embryos that have small MT

asters (59), there is no confinement of the CN, and as a

result, its components are smeared over the entire cell

membrane. We are therefore in the conditions of large L
and small A, which can give rise, according to our model

(Fig. 7, a and b), to the observed multiple contraction

furrows (59).

2. In dividing sea-urchin cells (60), it is observed that when

the CN band is artificially widened (by disrupting the

MT, or by physically moving the MT asters), or disrupted

(by actin depolymerization), the CR initiation is modified

and propagating ruffles appear instead. These manipula-

tions of the cell again correspond to an increase in L and

a decrease in A.

Cell geometry

Our model predicts that the critical width Lc of the CN will

depend on the radius of the cell, as shown in Fig. 6; the

dependence is very weak for the isotropic and concave-

anisotropic models (Fig. 6, a and c), while it is significant

for the convex-anisotropic model (Fig. 6 b). We wish to com-

pare our calculation convex-anisotropic model with the ob-

served behavior, which comes from two different independent

experiments, and is shown in Fig. 8.
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In the first experiment (49), sea-urchin egg cells were

manipulated in a capillary pipette of varying radius. The cells

are therefore constrained to have the radius of the pipette,

and the onset time of furrowing was observed to decrease

with decreasing radius. This onset time was measured from

the instant of chromosome separation, which move apart at a

velocity of ;1.2 mm/min (49). Using this velocity we can

therefore determine from the onset time the physical separa-

tion of the chromosomes, which we take to be close to the

width of the free-membrane patch L (see discussion in

previous section, and Fig. 5 a). According to our model, at

the onset of furrowing this width is equal to the critical length

Lc. The trajectory for a cell in such a geometry is that of fixed

radius and increasing L (vertical arrow in Fig. 6 b).

The second experiment (60) gives the observed width of

the cortical band of active RhoA (60), which is an indication

for the width of the CN. The width of the free membrane L is

bounded by this length, and it is therefore reasonable to use

this value as an estimate for the critical length for furrowing,

i.e., Lc. In these experiments, we estimate the cell radius as

given by half the measured pole-to-pole distance (60).

In Fig. 8, we compare the experimental data of both

experiments to our calculated critical length. Note that there

is good agreement between the data of both experiments,

which indicates that the separation of the chromosomes cor-

related very well with the width of the active RhoA cortical

band. There is also good agreement between the data from

the two different species. Our model predicts (Eq. 7) a

transition from a
ffiffiffi
R
p

to a linear dependence as the surface

tension increases, and this may be indicated by the data.

Overall, our convex-anisotropic model gives a very good

description of the data from both experiments.

The surface tension which we use to fit the observations in

Fig. 8 is a low value which is consistent with simple finite

membrane area consideration, i.e., s ; k/R2. Furthermore,

cells seem to use an exocytosis process during cytokinesis

(61) to maintain a low value of surface tension. If the surface

tension is not maintained at a low value but increases, this

can lead to a suppression of the CR initiation; for the convex-

anisotropic model, the critical length Lc=R}
ffiffiffiffi
s
p

increases

with s, until it can be longer than the cell length. These

predictions remain to be tested. In Effler et al. (37), it is

observed that cells in very narrow pipettes, radius of 2–3 mm,

sometimes fail to divide. This may indicate that above a

critical surface tension there is no instability, as our model

predicts. Note that the minimal critical radius below which

there is no cleavage at all, is very small using these param-

eters (Fig. 6 b). If the contractility A is lowered using certain

toxins, the value of the critical radius increases (see Appendix,

Convex Anisotropic Case) and may be observed in micro-

pipette experiments (37,49).

CONCLUSION

Our proposed model shows that there can be a general mech-

anism that gives rise to aggregation of ringlike membrane

proteins, which may correspond to the formation of the CR.

In our model, the main cue that correlates the membrane

shape with the recruitment of contractile-ring elements, is the

local curvature. Our model therefore gives a crucial role to

the structural features of the membranal complexes that form

the CR, as is indicated in recent molecular studies (62). We

propose that one of the important structural features of these

proteins is their spontaneous curvature. It remains to be

tested if indeed there are curvature-sensitive components in

the CR, as our model proposes, and a detailed characteri-

zation of them.

Our model should be applicable to a wide range of

biological systems, due to its general features. This model

predicts that dynamic instability can occur whenever there is

a coupling between the membrane curvature and contractile

forces, and should therefore be applicable to many biological

circumstances. For example, in prokaryotes the CR is com-

posed of bundles of FtsZ filaments and host proteins.

Assuming that these bundles have a spontaneous curvature

and produce a contractile force, then the initiation of the CR

in these cells may follow our proposed mechanism as well.

The origin of such contractile forces may be the process of

GTP hydrolysis that causes the FtsZ filaments to curve in-

wards and therefore apply a contractile force to the mem-

brane (63–66). Similarly, in subcellular organelles inside

eukaryotes, the prokaryotic proteins that form the CR in

bacteria perform similar functions, leading to fission phe-

nomena (63,67). Certain mutant bacteria do not form func-

tional CR but exhibit propagating, short-lived structures

(rings and spirals) (68,69), which may correspond to the

damped propagating solutions that we found above (Fig. 2).

Another example of cell division comes from budding-

yeast (70). Here a ring forms at an early stage around the

neck of a membrane bud, even before DNA replication. We

FIGURE 8 Calculation of the furrow initiation time using our convex-

anisotropic model, as a function of the cell radius, compared to observations.

Solid triangles (49), green (shaded stars) and purple (shaded squares) sea

urchin, and in X. laevis embryo (shaded circles) (60). In ascending shading:

s ¼ 0 (solid line), s ¼ 10�6g/s2, s ¼ 3 3 10�6g/s2, and s ¼ 7 3 10�6g/s2.

The parameters used in this fit are A ¼ 2 3 10�4 [gmm/s2], and the rest are

given in Table 1.
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propose that it is the local curvature at the neck of the bud

that attracts the relevant membrane proteins there. In certain

multinucleated organisms (A. nidulans) there are compart-

ments called septa, which are observed to form at a uniform

separation along long cellular protrusions (71). This unifor-

mity, and the observed role of cell length in the initiation of

the division process, may indicate that a similar process to

the one described by our model takes place.

In fission yeast, the nucleus divides before the overall

division of the cell (72). The elongation of the nucleus after

DNA replication is driven by the growth of internal MT (73).

The final division of the elongated nucleus is not understood

at present, and may be driven by a contractile instability of

the type that we propose in this article.

The idea that mechanical instability is the driving mech-

anism for the initiation of the CR in dividing cells is not new,

and has been proposed in other models (19–24). Our model

is the first to couple the membrane shape with the contractile

forces of the cytoskeleton to produce an instability at the cell

membrane. Furthermore, the proposed model provides a

general mechanism of which cells may take advantage when

initiating the CR, although the specific proteins used in each

cell type can be very different. What we propose is that

despite the differences these membrane proteins may all

share similar characteristics, namely a specific spontaneous

curvature and contractile activity. In addition, there are

certainly other possibilities for producing cell division which

may be unrelated to our proposed instability mechanism, and

that cells use under different conditions, such as in drug-

treated or adherent cells (74,75).

In this article, we restrict the treatment of our model to the

linear regime, so that analytic results and deeper under-

standing of the behavior is extracted. (Note that, for future

work, the nonlinear terms may be calculated to make the

comparisons with experiments more realistic.)

The initiation of the CR may indeed result from a non-

linear mechanism, but our model shows that it may also be

the result of a linear instability phenomena. Note that the

instability we describe in this article can also drive the phase

separation of membrane components in the furrow of divid-

ing cells (9), similar to the mechanism described in Veksler

and Gov (76).

To test the validity of our proposed mechanism, we list the

following predictions:

1. Increasing the surface tension s in the cell membrane (for

example, by increasing the osmotic pressure in the cell)

should restrict the appearance of the contractile ring to

larger free membrane lengths Lc}
ffiffiffiffi
s
p

(in the convex-

anisotropic case, Fig. 8, a and b), or even suppress it

completely above some critical tension (for the isotropic

and concave-anisotropic cases).

2. Cylindrical cells of different radii should exhibit division

at different critical lengths, with Lc monotonously in-

creasing with R (Fig. 6).

3. We predict that decreasing the contractile forces will lead

to an increase in the critical length before division, and

below some critical value will prevent the formation of

the CR (Fig. 7). This may be achieved in eukaryotes by

partially blocking the activity of myosin (77).

4. Constraining the cell to a small radius below some

critical value (Fig. 6), or increasing its surface tension,

will inhibit ring formation, as can be tested experimen-

tally (37,49).

5. Concerning the appearance of propagating modes (spi-

rals), we predict from our isotropic model (Fig. 2) that

these will appear only in some range of weak contraction

(Av , A , Ai
c) or small radii (Rv , R , Ri

c). The critical

contraction Ai
c is inversely dependent on the radius

squared, which may be tested experimentally.

6. Placing unfertilized sea-urchin egg (41) in a pipette

of varying radius, and with different concentrations of

Calyculin-A, may allow us to scan the critical conditions

for CR initiation in the R – A plane.

APPENDIX

In this Appendix, we give a detailed description of the behavior of the

critical wavevectors shown in Figs. 2 and 3.

Concave isotropic case

As R / N, the system becomes flat (10): qc,1 / 0 and qc;2/qc;f [ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA �HkL� sDÞ=ka

p
(shown as the horizontal dashed line in Fig. 2 a),

where a [ D� �H2kL=n0. (Note that, throughout this article, we assume that

a, which is the difference between the diffusion and the passive aggregation

due to the spontaneous curvature, is always positive. Otherwise, the system

becomes unstable even without the active forces, for all wavevectors.) Below a

critical radius Ri
c; there is no longer instability, since the large negative

curvature of the thin cylinder dominates and there is no advantage for the CN

to come closer to the axis. For the case of s ¼ 0, we get a simple solution for

the critical radius which shows instability, Ri
c;0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2

ffiffiffiffiffiffiffi
Da
p

1DÞ=A �HL

q
; with

wavevector qc;R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð11Dð2a1

ffiffiffiffiffiffiffi
aD
p

Þ=aðD12
ffiffiffiffiffiffiffi
aD
p

Þ
q

=Ri
c;0. At the critical

radius Ri
c; the forces leading to instability (spontaneous curvature and con-

traction) balance the forces leading to stability (diffusion and membrane

elasticity). As the surface tension increases, the critical radius increases

Ri
c } (s – sc,i)

�1 and qc,f decreases, until a critical surface tension,

sc;i ¼ A �HkL=D; above which there is no instability (qc,2 ¼ 0 at all radii).

In Fig. 2 b, we plot the solution as a function of A. We find that as A
becomes smaller the unstable region shrinks until it disappears below a

critical value, Ai
c;0 ¼ �ðD� 2

ffiffiffiffiffiffiffi
Da
p

Þ= �HLR2 (for s ¼ 0), with wavevector

qc;A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð11

ffiffiffiffiffiffiffiffiffi
D=a

p
Þ

q
=R. Both Ri

c and Ai
c occur when the timescale for CN

diffusion ;R2/D equals the active aggregation time ;1=A �HL. When either

R or A decreases below the critical values, the diffusion is faster than the

active aggregation and no instability occurs. In the limit of A / �N, the

unstable region expands as qc,1 / 1/R and qc;2/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A �HL=a

p
.

At wavevectors qv,1 , q , qv,2 we find a stable region with damped

oscillations (v9(q) , 0 and v$(q) 6¼ 0) (Fig. 2). For these long wavelengths,

it is energetically unfavorable for the CN to come close to the cylindrical

axis where the curvature is negative for a straight cylinder. We therefore

have a situation which is similar to the damped waves in the flat case with

protrusive forces (10). The range of wavevectors that exhibit damped
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oscillations grow when R decreases (Fig. 2 a). Eventually, below Rv the

spontaneous curvature of the membrane dominates, given by k/R4 in the top

left term of Eq. 6, and the oscillations disappear. A similar behavior is found

as a function of A (Fig. 2 b), where the oscillatory region vanishes below a

critical value of Av. In the limit of small q, s ¼ 0 and D� kÔ; we get

Rv ’ ðkÔ=A �HLÞ1=4
and Av ’ �kÔ=R4 �HL. From these expressions, we

find that the disappearance of the oscillations occurs when the membrane

response time ;R4=kÔ is faster than the active aggregation time. In the limit

A / N, the oscillatory region approaches a finite strip where qv;1}1=
ffiffiffi
A
p

and

the upper limit approaches the lower limit of the unstable region qv;2/
qc;1/1=R (shown as the horizontal dashed line in Fig. 2 b). In the flat limit

R / N, the oscillatory region vanishes as qv;2/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4A �HkLÔ=ðD� sÔÞ2

q
=R

and qv,1 } 1/R3. Note that at q ¼ 1/R we find that v9 is independent on A.

Convex anisotropic case

We now describe the convex-anisotropic case (Fig. 3). There is a range of

wavevectors qc,1 , q , qc,2 with unstable modes, which are static laterally.

In the limit of large R, we find qc,1 ¼ 0 and qc,2 vanishes as (in the limit

R / N)

qc;2/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aj �HjkL=sD

q
=R; s 6¼ 0;

qc;2/ðAj �HjL=DÞ1=4
=
ffiffiffi
R
p

; s ¼ 0: (7)

As R becomes smaller the unstable region widens, but eventually the spon-

taneous curvature of the cylindrical membrane dominates and the unstable

region disappears.

For surface tension smaller than a critical value, sR
c;1 ¼ A �HkL=a; the

unstable region persists down to a critical radius Ra1
c ;which is always smaller

than the radius Ra
c;0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a=A �HL

p
; which is where qc, 1 vanishes (Fig. 3 a).

As a function of A, we find a similar behavior; for large A we have

qc,1 ¼ 0 and qc;2/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A �HL=DR24

p
in the limit A / N (Fig. 3 b). When

A decreases, the unstable region shrinks and eventually disappears.

For surface tension smaller than sA
c;1 ¼ k=R2 the instability vanishes

below Aa
c ¼ ð4k2a� Dðk� R2sÞ2Þ=4 �HR2k2L; which is smaller than

Aa
c;0 ¼ a= �HLR2; where qc,1 vanishes. Note that as the surface tension

increases above sc,1 the unstable region occurs only for R . Ra
c;0 and A .

Aa
c;0 but persists for all values of the surface tension (unlike the isotropic

case). For the convex-anisotropic case, there is no driving force for

oscillatory solutions, since the CN always aggregate where the local radius

of the membrane is smallest.

Concave anisotropic case

We now describe the concave-anisotropic case (Fig. 4). As for the previous

case, we find unstable modes at qc,1 , q , qc,2, which are static laterally.

In the limit of large R (Fig. 4 a) we find qc;1/1=R; and qc,2 approaches

the constant value for flat membranes (10): qc;2/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA �HkL� sDÞ=ka

p
.

As R becomes smaller, the unstable region shrinks, and eventually the

spontaneous curvature of the cylindrical membrane dominates and the

unstable region disappears. For surface tension larger than a critical value,

sc;2 ¼ A �HkL=D; the unstable region vanishes. The critical radius below

which the system is stable is given by (for zero surface tension): Ra2
c ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð�D 1 2
ffiffiffiffiffiffiffi
Da
p

Þ=A �HL

q
.

As a function of A we have qc;1/0 and qc;2}
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A �HL=a

p
in the limit of

large A (Fig. 4 b). When A decreases, the unstable region shrinks and

eventually disappears, at Ac. For the concave-anisotropic case, there is no

driving force for oscillatory solutions.

We thank Fred Chang for useful discussions and many helpful comments.

We thank Mario Feingold for useful discussions and Tsvi Tlusty for

comments.

We thank the European Union SoftComp NoE grant, the Robert Rees Fund

for Applied Research, and the Alvin and Gertrude Levine Career

Development Chair, for their support. This research was supported by the

Israel Science Foundation (grant No. 337/05).

REFERENCES

1. Scholey, J. M., I. Brust-Mascher, and A. Mogilner. 2003. Cell division:
cytoskeleton. Nature. 422:746–752.

2. Robinson, D. N., and J. A. Spudich. 2000. Towards a molecular
understanding of cytokinesis. Trends Cell Biol. 10:228–237.

3. Dean, S. O., S. L. Rogers, N. Stuurman, R. D. Vale, and J. A. Spudich.
2005. Distinct pathways control recruitment and maintenance of
myosin II at the cleavage furrow during cytokinesis. Proc. Natl. Acad.
Sci. USA. 102:13473–13478.

4. Nanninga, N. 2001. Cytokinesis in prokaryotes and eukaryotes: com-
mon principles and different solutions. Microbiol. Mol. Biol. Rev. 65:
319–333.

5. Emoto, K., T. Kobayashi, A. Yamaji, H. Aizawa, I. Yahara, K. Inoue,
and M. Umeda. 1996. Redistribution of phosphatidylethanolamine at
the cleavage furrow of dividing cells during cytokinesis. Proc. Natl.
Acad. Sci. USA. 93:12867–12872.

6. Umeda, M., and K. Emoto. 1999. Membrane phospholipid dynamics
during cytokinesis: regulation of actin filament assembly by redistri-
bution of membrane surface phospholipids. Chem. Phys. Lipids. 101:
81–91.

7. An, M. W., W. Z. Wu, and W. Y. Chen. 2005. Membrane phospholipid
redistribution in cytokinesis: a theoretical model. Acta Biochim.
Biophys. Sin. (Shanghai). 37:643–648.

8. Takeda, T., and F. Chang. 2005. Role of fission yeast Myosin I
in organization of sterol-rich membrane domains. Curr. Biol. 15:1331–
1336.

9. Ng, M. M., F. Chang, and D. R. Burgess. 2005. Movement of
membrane domains and requirement of membrane signaling molecules
for cytokinesis. Dev. Cell. 9:781–790.

10. Gov, N., and A. Gopinathan. 2006. Dynamics of membranes driven by
actin polymerization. Biophys. J. 90:454–469.

11. Roux, A., D. Cuvelier, P. Nassoy, J. Prost, P. Bassereau, and B. Goud.
2005. Role of curvature and phase transition in lipid sorting and fission
of membrane tubules. EMBO J. 24:1537–1545.

12. Parthasarathy, R., C. H. Yu, and J. T. Groves. 2006. Curvature-
modulated phase separation in lipid bilayer membranes. Langmuir. 22:
5095–5099.

13. Zimmerberg, J., and M. M. Kozlov. 2006. How proteins produce
cellular membrane curvature. Nat. Rev. Mol. Cell Biol. 7:9–19.
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